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Main Theorem

RIX
, Kx ) = ④ H°lX ,

Oxlmkxl) is finitely generated .

ME IN

Goal

IX. 0) : projective kit pair

a big
K ✗ to pseudo effective

Then kx to has log terminal model .

Remark

Authors

log terminal model = minimal model

canonical model = ample model



Important terms

Our setting ✗ : normal variety
D= -2 diDi : Oh - divisor on ✗

Di : distinct , irreducible

K×tD : Oh - Carlier

f : y → ✗ proper birational morphism
← the discrepancy of EW.r.tn IX.D)

Can write : Ky = f-
*

(K ✗ +D) + F- a (E)D) F-
ECY

discrepancy of CX ,D) prime divisor

f.
discrep ( X , D ) : = i¥ { a ( E.D) sit . F- is an exceptional divisor over ✗ }

Assume D is a boundary ( i. e. , coeffs of D c- [0 , I ] ) .



Singularities of Pairs

say IX.D) has

[ Type of sings] singularities if discreplx ,D) is

Kit > -1 and LD ) = 0

> -1*dlt 2-1
,
centerxf-cnons.nl

.
Of IX. D)

2- I

dlt : If a /E. D) = - l , then center ✗ F- E the s.nl . locus of IX. D) .

IX.D) is Kit / pit / dlt / Ic if it has Kit / pit / dlt / Ic singularities .

Note KH § pit 9- DHE Ic



(X
,
D) is dlt iff there exists a Zariski open UEX st .

(1) U smooth ,
Dlu is a sin . c. divisor .

(2) Any log canonical center of IX.D) intersects U and is given by strata LD] .

The log discrepancy is ✗E IX , D) : = It a (E.D)

Note

ACE ,D) > 0 ⇒ ✗EH ,D) > I

9 (E , D) = 0 ⇒ he IX.D) =L

a (E.D) = - I ⇒ de (× , D)
= 0 us F- is a log canonical place .



IX.D)

A subvariety VEX is a log canonical
center if there exists a

• proper birational morphism µ :'(
→ ×

. prime divisor F- on Y

with discrepancy a (E.D)
= - I sit

. µ /E) = V
.

-

so he CX ,D) = 0 ( i.e. , F- is a Ic place)

i.e. , a log canonical center is the image of a le place .

A log resolution of IX.D) is a proper birational morphism f :Y → ✗ sit .
1) Exc(f) is a divisor F- = I Ei CY ; Ei 's : irreducible components

2) Y nonsing .

3) supp ( f-
'(D) VE) is a Snc divisor

.



EI C : cone over an elliptic curve

•

0*0 I 0
B.V. vertex

4 * (Kc ) = Kyt C E

f adj .

4 * (Kc ) = Kyt F-

⇒ ✗E IX, D) = It 1-1) = 0 a /E.D) = - I

⇒ E is an Ic place .



E± Cont . ed)
y
'

Y ojO ¥
B.v. of a

sm.pt .

{ a
'

(4)
* ( Kc) = IT

*

( Ky +E)

= IT
*
(Ky ) + IT

* (E)

= (Ky ' - F
' ) t- (E't F '

)

= Ky ' 1- E
'

+ OF
/

✗FIX ,D) = I > 0

⇒ F
'
is not a Ic place .



KITE pits dltg 1C

±

DI

KI
PI

quot . sings . 4A:L,)
( IA? 4+12) C

cone over Fanovar
. >



f- : ✗ → w a projective birational morphism ,
small
-

(X
, D) : pit with S = LDJ irred .

EKH) has codim 22 in X

f is a pl - flipping contraction if EIX / W ) =L and - ( K✗+D) is ample overW .

Picture
✗

☐ +* ☒÷ -
- -

"
→

✗
+

µ
w

,
""



If we replace

( X
,
D) vs (✗

,
☐ + s) where 5=-11* Sw :

IX.ots) pit ⇒ we still have a flip .

Moreover , if S= a-
* Sw

flip IX. Lets) ± flip IX. b)



✗
↳ told 1T¥ . -

E-
→ ☒- st

Thene)
Ct (14++0++25)=14+1*2 . Ct

w

to
=L . -101=0

d- (14++0)>0

Suppose S - C > 0
.
wtsst.ci < 0

.

So a St - ctco

PI ⇒ St .ct< 0
.

7- a > 0 s.t.lk/tOtxS).C-- 0 .

☐

Cone Thm ⇒ kxth + ✗5--6*1

⇒ IT* (14+0+25)=14+0++2 St
¥É= (4+1*1



Why are pl - flips important ?

Read WTS ④ Holm ( Kitts)) is f.

g.ec/yw)--
1 : ④ H°(mlkxt Dts)) f.g.

191
ecs) ⑦ H°( mlksths )) ④ f.g.



Simplified versions of Theorems used

ThmA_ ( Existence of pl - flips)

IX. D) pit

f-. ✗ → 2- pl - flipping contraction

Then the flip a :X - -→ ✗
+
exists

.



Motivation for -1hmB

Want : finiteness of ample models .

- start with kxto

• consider all perturbations of 0 NOI only those that keep kx
to KH

.

I give
By finiteness of ample models :

As we perturb 0 , get finitely many amplepolyhedra
models

,
i-e "

finitely many of Proj ( ⑦ Holm (kxto )))
MZ 0

→ chamber decomposition where
Pooj Celts in same chamber) are equal

K✗tot ED : stabilize at some point .



ThmB_ (special Finiteness)

(X , 0) kit

(✗
,
Let s) pit s = sum of finitely many primedivisors

Lots 1- = S : irred

Then there are finitely many ample models
for perturbations of knots

,

so that any other ample model of a perturbation of kxt☐ + S is

isomorphic to one of the previous ones around S .



Third ( Existence of log terminal models )

IX.a) Kit

14th big
Then there exists a MMP that terminates with a log terminal model ,

i.e.
,
I a (Kitts) - negative contraction IX - - - ⇒ ✗min) sit .

Kxmin + 8min is net
,

where 0min = 4*0
.

Fact Kxth big → 0 big Trick :

It +E)Lkxt8) = Kxtot Elk ✗to)
111

11-20

Fact big ⇒ effective



TAMI (Nonvanishing -1hm)

(X
,
O) Kit

D big
K✗to pseudoeffective

Then Kxt Dna DZO .

ThmE_ (Finiteness of Models)

The gtoba version of -1hmB.

Thm F

Kxto 0h - Carlier ⇒ RCX
, kxto) is f. g.
11

IX.D) : Kit ④ H°( X
, 0×1 mlkxtD) 1)

ME IN



Some main ideas of proof

14×+0 big

WTS : RCX
,
KitD) is f.g.

Approach construct a log terminal model for ✗ .



Existence and term .

Existence of Kit-flips)( of flips in dim in-1) ) ⇒ /
""""• * Pl- f"") ⇒ ( in dim

.
nin dim . n

Haconardmckernanos-WMApl-flipsind.mn exist
suppose 14th big .

Ron MMP in dim
.
N

.

W) ( ✗
, 8) - . - > ( X, , D,

) - -→ . . . - -→ (✗min
,
0min )

14min to min big and net ⇒ kxmin + 0min semiampk_
Kottai

so 7- morphism Xmii ✗ can(Baseptteethm)

RIX
, kxto) = RIX , Kx mint 8min ) ± RIX , Kean + Dean)



MMP with scaling

kit 0 sit .

( X , b) Kit

A : ample divisor

Kxt D + A A net for some1¥
choose minimal such 2

If D=0 Stop ; since Kato + AA is net .

Otherwise There exists a lkxto) - external ray R sit . R is a Ckx to +AA) -trivial rag .

Contraction associated to ray is a (14+0)
- flip = ( Kx + Dt AA) - flop

⇒ ✗ is a min
.

model for Kx to + AA
.



Idea of MMP with scaling
Do flips :

( ✗
, D) - -→ ( X

, ,
0
,) - -→ - - - - - - ⇒ (Xj , Dj )

- -

min .
model for min mod for

KxtotdA Kx
,
+0

,
+ DA ,

Eventually , R is no longer the min value sot . kxj + Oj + i.Aj is net .

A decreases say A → d
'

i. (Repeat )

Process : MMP with scaling



Quasi MMD with scaling
(X ,
Sts) : pit

want S : OES ~ akx to

Then kxt Dt Sls = Kst Ds

Consider 2 Sequences of flips ④ and ④ :

④ IX. Ots) - -→ ( X
, bits ,) . -→ . . . ④ terminates around S

IT B.C.Him .

④ CS , Os) - -→ Cs , , 8s ,
) - -→ . - . If ④ terminates

CS
,
Os) Kit ⇒ 7- finitely many divisors over CS , Ws) w/ log discrepancy in 10,1)

Then blowups in ④ eventually terminate .



Want C sit .

• Kxt Ll ~ D + ✗ C

• Kxt Dtc is dlt
,
net

• Supp (D) C- Lgt_
The point :

R : extremal ray (14+0)
.
Re 0

kxt Dtc net and C.RIO ⇒ ( kxtot C) . RZO

So (14×+0) .
R < 0 ⇒ (Dt ✗ C) .

REO ( also D.Reo)

⇒ IRIE supp (D) Done DES so every lkxto) negative curve lies ins .
⇒ a min . model for 14+0 around S is

a min mod for K×tD .



Then construct Dtxc sit
.
Kx to ~ on Dtxc

Note since Kato is big , he hate KxtD= A-+E CA is ample)

write D= Dit Dz : D
,
E S

,

Dz 4 S

Do induction on # components of Dz .

-

If Dz= 0
,
then DES and done by previous page

If 132--10 : done by induction and adjunction .

This finishes proof if kxto ~ DZO

☐



Sketch of Effectivity
14th pseudo eff . and 4 big ⇒ kxto ~ on D 20 (t)

If K✗to big ,
then conclusion of (f) holds .

For any ample H ,

h.LY#mlkxtO-tHLisabddfn.ofm .

If this is EC for all m , then kx+A
= Nr ( Kato) 20

.

i.e.
,
K✗ to has no positive part in

Next trick :
theNaÉ÷É¥

"

produce a Ic center for K ✗ to
+ ¥

¥
Then : do adjunction to the k center : 14×+0 + ¥1s = Kst Ost ¥ .



Idea of next steps

• Show Kst 0s is pseudo effective w/ Os big
• S has lesser dim .

because its a Ic center

⇒ Ks this has a section
lift to a section of k×tL using
Kawamata - viehweg Vanishing :

If ④ - (kxtD) is big and net , then h
' (0+1)=0

.

I
take ④ = mlk ✗+8) - S .
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